Abstract. The existence of torsional and SH surface waves in a half-space of a homogeneous and isotropic material is shown to be possible in the context of the complete Toupin-Mindlin theory of gradient elasticity. This finding is in marked contrast with the well-known result of the classical theory, where such waves do not exist in a homogeneous (isotropic or anisotropic) half-space. In the context of the classical theory, this weakness is usually circumvented by modeling the halfspace as a layered structure or as having non-homogeneous properties. On the other hand, employing a simplified version of gradient elasticity (including only one microstructural parameter and an additional surface-energy term), Vardoulakis and Georgiadis (1997), and Georgiadis et al. (2000) , showed that such surface waves may exist in a homogeneous half-space only if a certain type of gradient anisotropy is included in the formulation. On the contrary, in the present work, we prove that the complete Toupin-Mindlin theory of isotropic gradient elasticity (with five microstructural parameters) is capable of predicting torsional and SH surface waves in a purely isotropic and homogeneous material. In fact, it is shown that torsional and SH surface waves are dispersive and can propagate at any frequency (i.e. no cut-off frequencies appear). The character of the dispersion (either normal or anomalous) depends strongly upon the microstructural characteristics.
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Introduction
It is well known that the classical theory of elasticity fails to predict the existence of torsional and antiplane SH (horizontally polarized) surface waves in a homogeneous (isotropic or anisotropic) half-space with a free surface (Rayleigh, 1885) . On the contrary, both plane stress/strain and axisymmetric surface waves of the Rayleigh type are predicted by the classical theory. Moreover, surface waves of the shear type (i.e. torsional and SH) are known to exist in nature. Indeed, this type of waves has been observed in the context of both non-destructive testing (Kraut, 1971) and seismology (Bullen and Bolt, 1985) . In fact, torsional and SH surface waves are the most destructive waves in an earthquake and they can propagate for very long distances without much loss of energy.
As was pointed out by Vardoulakis and Georgiadis (1997) , the situation concerning the nonexistence of SH and torsional surface waves in a homogeneous half-space, within the context of classical linear elasticity, is translated mathematically to the violation of the pertinent complementing (or consistency) condition in a semi-infinite domain for the system consisting of the scalar Helmholtz partial differential equation (governing antiplane and torsional motions), a zero Neumann boundary condition for the traction-free surface, and a finiteness condition at infinity. Thompson (1969) , showed that the complementing condition implies that all surface waves propagate with non-zero velocity. This condition is obviously satisfied when both dilatational and shear deformations are allowed to take place in the half-space, and thus, Rayleigh surface waves are predicted by the classical theory in the cases of plane stress/strain and general axisymmetric motions. However, the complementing condition is not satisfied in the cases of torsional and antiplane shear (SH) motions, and thus, the corresponding types of waves cannot be predicted by the conventional theory.
In the context of the classical theory of elasticity this drawback is circumvented usually by modeling the half-space as a layered structure (Love waves) or as having non-homogeneous properties. Regarding the existence and propagation of SH surface waves, a thorough review up to the late 1980s was given by Maugin (1988) , whereas an interesting more recent study on the propagation of antiplane SH surface waves (Bleustein -Gulyaev) in a functionally graded material is due to Collet et al. (2006) . In addition, Shuvalov et al. (2009) investigated the propagation of SH surface waves in an anisotropic periodic half-spaces in which the material properties within each period are arbitrary. Achenbach and Balogun (2010) examined a purely elastic half-space whose shear modulus and mass density depend arbitrarily on the depth and gave a general solution at high frequencies. In the same context, Ting (2010) investigated the propagation of SH surface waves in a monoclinic half-space with variable density and elastic moduli, and obtained an asymptotic solution for large wavenumbers. Finally, Du and Su (2013) investigated the propagation of SH surface waves in a stochastically homogeneous half-space (with random density in the depth direction) and found interesting dispersion and attenuation properties. On the other hand, regarding the propagation of torsional surface waves the literature is rather limited.
Mention should be made of the early work by Meissner (1921) , who showed that in an inhomogeneous elastic half-space with quadratic variation of shear modulus and density varying linearly with depth, torsional surface waves do exist. Later, Vardoulakis (1984) showed that the same is true for a Gibson half-space, i.e. for a half-space with shear modulus varying linearly with depth and with constant density. The possibility of surface torsional waves in an elastic half-space with void pores has been examined by Dey et al. (1993) , where it was shown that such a halfspace can allow two types of torsional surface waves, both being dispersive. More recently, Chattaraj et al. (2011) studied the propagation of torsional surface waves in a poroelastic layer lying over an inhomogeneous elastic half-space under initial stress.
In the context of gradient theories, SH and torsional surface waves have been examined by Vardoulakis and Georgiadis (1997) , and Georgiadis et al. (2000) , respectively. In these works, a simplified version of gradient elasticity with surface energy was employed involving two additional material constants (besides the standard two Lamé moduli): the so-called gradient coefficient c and a material parameter b accounting for gradient anisotropy. It was shown that including surface-energy terms (i.e. gradient anisotropy) is necessary for predicting SH and torsional surface waves. Indeed, the standard simplified version of gradient isotropic elasticity (i.e. without surface energy), utilizing a single gradient material constant, although greatly facilitates the analysis of boundary value problems (see e.g. Georgiadis et al., 2004; Gourgiotis and Georgiadis, 2009; Gao and Ma, 2009; Giannakopoulos et al. (2012) and references therein), is not capable of predicting these types of surface waves in a homogeneous and isotropic half-space. An analogous situation is encountered in the nonlocal integral-type elasticity theory, which is also incapable of explaining the occurrence of such waves (Eringen, 1972) .
In the present work, we employ the complete Toupin-Mindlin theory of gradient elasticity with micro-inertia (Toupin, 1962; Mindlin, 1964) and show that this theory is capable of predicting SH and torsional surface waves in a purely isotropic and homogeneous half-space.
Indeed, contrary to the works by Vardoulakis and Georgiadis (1997) , and Georgiadis et al. (2000) , where a simplified version of the theory was used, neither anisotropy in the material response nor any surface-energy term is needed in the formulation, for the prediction of such waves. In the complete Toupin-Mindlin theory, the full constitutive relations in the isotropic case involve five microstructural parameters (these constants are additional to the standard Lamé constants to characterize the material response), providing thus a more detailed modeling of microstructured materials as compared to the simplified version (including only one additional material parameter)
or other generalized continuum theories -like the standard couple-stress theory -employed in the past for examining wave propagation problems (e.g. Georgiadis and Velgaki, 2003; Georgiadis et al., 2004; Vavva et al., 2009; Gourgiotis et al., 2013; Rosi et al., 2014; Piccolroaz and Movchan, 2014; Morini et al., 2014) . In the present formulation, a micro-inertia term is also included, since previous experience with gradient analyses of surface waves showed that this term is indeed important at high frequencies (Georgiadis et al., 2004; Filopoulos et al. 2010; Gourgiotis et al., 2013) . The inclusion of the micro-inertia term leads to an explicit appearance of the intrinsic material length h 2 , which, in turn, can be associated with the material microstructure. Recently, Polyzos and Fotiadis (2012) , using a simple one-dimensional lattice model of one-neighbor interaction reproduced the field equations of Toupin-Mindlin theory and correlated the internal lengths parameters with the actual microstructure of the material. Moreover, Shodja et al. (2013) utilizing ab initio DFT calculations evaluated the characteristic material lengths of the ToupinMindlin theory for several fcc and bcc metal crystals.
The contents of our paper are as follows: In Section 2, we summarize the basic dynamical equations of the Form II of Toupin-Mindlin gradient theory and examine the effects of straingradients in the propagation of plane waves in an infinite medium. It is worth noting that, unlike the case of classical theory, in gradient elasticity both dilatational and distortional waves become dispersive. In addition, the conditions for positive definiteness of the strain-energy density are provided in the context of the complete isotropic Toupin-Mindlin theory. Next, in Section 3, we investigate the propagation of torsional surface waves in a homogeneous and isotropic gradient Our results can be useful in wave-propagation studies (e.g. in relation with non-destructive testing and evaluation) for granular materials such as ceramics, composites, foams, masonry structures, bone tissues, glassy and semi-crystalline polymers, where their macroscopic behavior is strongly influenced by the microstructural characteristic lengths especially at high frequencies or in the presence of large stress (or strain) gradients.
Fundamentals of strain gradient elastodynamics
In this Section, we briefly present the basic elastodynamic equations of the isotropic ToupinMindlin theory of strain-gradient elasticity. A detailed presentation of the theory including inertial and micro-inertial effects can be found in the fundamental paper of Mindlin (1964) and the recent papers by Georgiadis et al. (2004) , and Gourgiotis et al. (2013) . According to this theory, each material particle has three degrees of freedom (the displacement components -just as in the classical theory) and the micro-density does not differ from the macro-density. Also, first-order gradient terms of strain and velocity, in addition to the classical (i.e. zero-order gradient) terms, are included in the strain and the kinetic energy densities, respectively.
For a continuum with microstructure fully composed of sub-particles (micro-media) having the form of unit cells (cubes), the following expression of the kinetic-energy density T is obtained with respect to a Cartesian coordinate system 3 2 1 x x Ox (Mindlin, 1964) 
where  is the mass density, 2h is the size of the cube edges of the unit cell, p u is the displacement vector, Also, the strain-energy density function for a linear and isotropic continuum assumes the following form (Mindlin, 1964) Georgiadis et al., 2004; Gao and Ma, 2009; Vavva et al., 2009 ).
In view of Eq. (2), the constitutive equations become
   . The dipolar stress tensor follows from the notion of dipolar forces, which are anti-parallel forces acting between the micro-media contained in the continuum with microstructure. According to Eqs. (3) and (4), the following symmetries for the monopolar and dipolar stress tensors are noticed:
The equations of motion and the pertinent boundary conditions can be obtained from
Hamilton's principle and variational considerations using Eqs. (1) and (2). Indeed, assuming the absence of body forces, the variational form of Hamilton's principle becomes
where V is the region occupied by the body, and S is the surface of the body. The symbol  denotes weak variations and it acts on the quantity existing on its right. Also, 1 t and 2 t are two arbitrary instants of time for which the variations q u  are zero at all points of the body. In addition, ) (n q t is the true monopolar traction,
T is the true dipolar traction, and p n is the outward unit normal to the boundary along a Section inside the body or along the surface of it (Bleustein, 1967) . Examples of the dipolar tractions
can be found in the work by Georgiadis and Anagnostou (2008) .
The local form of the equations of motion and the traction boundary conditions along a smooth boundary assume then the following form (Mindlin, 1964) 
where Bleustein, 1967) . It should be noted that in the case in which edges appear along the boundary, an additional boundary condition should also be imposed (Mindlin, 1964) . Moreover, the pertinent kinematical boundary conditions of the theory were derived by Mindlin (1964) (see also, Grentzelou and Georgiadis, 2008) , but are omitted here since these are not relevant to our specific problem.
The following point now deserves attention: In the general inertial case, the existence of last term in the LHS of (7) violates the assumption of objective tractions. However, in the quasi-static case and also in the time-harmonic inertial case considered here this difficulty is eliminated.
Moreover, as Jaunzemis (1967) pointed out, the difficulty with satisfying objectivity in multipolar theories can circumvented by introducing an effective body force as the difference between the standard body force and the micro-inertia term, and by further assuming that this effective body force is objective, although its constituents are not (see also Georgiadis et al., 2004) .
In summary, Equations (3), (4) and (6)- (8) are the governing equations for the isotropic linear gradient elastodynamic theory. Combining Eqs. (3) and (4) with (6), one obtains the equations of motion in terms of displacement components (Mindlin, 1964)   Next, by taking the divergence and curl of Eqs. (9), we obtain the relations governing the propagation of dilatation and rotation, respectively waves, respectively, in the classical (i.e. non-gradient) elasticity theory. Moreover, we note that unlike the corresponding case of classical elastodynamics, the PDEs (11) and (12) 
where A denotes the amplitude,   , d n are unit vectors defining the directions of motion and propagation, respectively, x is the position vector,  is the wavenumber,  is the circular frequency of the plane wave (taken to be a real quantity), V    is the phase velocity, and 2 = 1 i  . Then, on substituting the solution (13) into Eqs. (11) and (12), we obtain the following relations for the phase velocities of the pressure and shear waves in gradient elasticity
Equations (14) show that the propagation velocities of these waves depend on the respective wavenumber. Hence, both waves are dispersive in dipolar gradient elasticity. This finding is in contrast with the result of the standard couple-stress elasticity, where only the shear waves become dispersive (Toupin, 1962) . A recent interesting investigation regarding the capability of various gradient and nonlocal type theories to predict the dispersive behavior of traveling waves in comparison with the Born-Karman model of lattice dynamics was given by Fafalis et al. (2012) .
To investigate further upon the nature of the dispersion relations in gradient elasticity, we consider the group velocity
   at which the energy propagates in a dispersive medium (Achenbach, 1984) . In particular, according to Eqs. (14), we obtain   3 2 2 2 1 2 2 2 2 2 2 1 1
The following three cases are then distinguished: (i) For
, Eqs. (15) and (16) 
e. no material microstructure), the wave velocities degenerate into the non-dispersive velocities of classical elastodynamics.
Finally, the restriction of positive definiteness of the strain energy density W requires the following inequalities for the material constants (a detailed derivation is provided in Appendix A)
where
3. Torsional surface waves in a gradient elastic half-space
Governing equations for time-harmonic torsional motions
Attention now is directed to the torsional dynamic motions in a gradient-elastic half-space.
A torsional motion is one that involves only the circumferential displacement, which is independent of the azimuthal angle. With respect to a system of cylindrical coordinates   In this case, the displacement field assumes the following general form
whereas, the non-vanishing components of the strain and strain-gradient tensors are
Further, in view of Eqs. (3), (4) and (22) 
Since in the torsional case only shear motions exist, omitting the terms accounted for dilatational deformation in the equations of motion (Eq. (9)), we obtain 2 2 2 2 2 2 2 2 2 1 1 1 In the sequel, a steady state is considered where, as is well-known (see e.g. Achenbach, 1984) , the displacement varies in the following time-harmonic manner
The above 'decomposition' reduces Eq. (25) to the form 2 2 2 2 2 2 2 
It should be remarked that in the work of Georgiadis et al. (2000) , a simplified boundary condition for the monopolar traction ( ) n P  was used instead of the exact relation in (28). Next, employing the constitutive equations (23) and (24) in conjunction with the geometric relations (21) and (22), the boundary conditions are written in terms of the displacement component   a   should always be satisfied (see Appendix A).
Integral-transform analysis and dispersion equation
In view of the axisymmetry of the problem and in order to suppress the r -dependence in the governing equations, the Hankel transform of order one is employed (see e.g. Davies, 2002)      
where   
where the range of the transform variable  can be extended, by analytic continuation, into the whole complex plane. Now, Eq. (33) has the following bounded solution as
provided that the  -plane has been cut appropriately, taking the branch cuts for   
The criterion for surface waves in this case is that the displacement u decays exponentially with the distance z from the free surface. Such a case for a homogeneous half-space is precluded according to the classical elasticity theory but can arise, as it is shown below, within the present isotropic gradient elasticity theory. Indeed, in view of the analysis leading to (34) and taking into account the structure of the inverse Hankel transform (32) 2 , we now explore the possibility of progressive-wave solutions of Eq. (25) having the form of a distinct time harmonic component
where the propagation wavenumber  is taken to be a real quantity, and   ,   defined in (35) and ( 
where integration is over the whole range of wavenumbers. Note that in Eq. (37) the frequency  and the wavenumber  are related through the pertinent dispersion equation (c.f. (40)) in order for each distinct torsional surface wave component to propagate.
iIm(x)

+ |b| i
Re(x) -s +s
Re(x) +|g| +|g| 
which has a nontrivial solution if and only if the determinant of the matrix  
where V    is the gradient phase velocity of the torsional surface waves (note that, in what follows, V should not be confused with the volume of the body defined in Section 1). Equation  ), which, according to Eq. (39), implies that the amplitude C is zero and therefore, in this case, no torsional surface waves exist. It is worth noting that when 3 0 a  , the complete Toupin-Mindlin gradient theory, employed in the present work, degenerates to the simplified version of gradient isotropic elasticity which consequently is unable to predict torsional surface waves (or SH surface waves, as it will be shown in the next section).
(ii) The dispersion equation (40) being an irrational algebraic equation is a monomode equation and this is in some contrast with the infinity of modes resulting from transcendental equations, which correspond to non-homogeneous models of a half-space supporting torsional surface waves in the classical theory (Meissner, 1921; Vardoulakis, 1984) .
SH surface waves in a gradient elastic half-space
Governing equations for time-harmonic antiplane shear motions
Antiplane shear (i.e. horizontally polarized -SH) motions are now examined in a homogeneous and isotropic gradient-elastic half-space. With respect to an Oxyz Cartesian coordinate system, the half-space occupies the region ( x     , 0 y  ) and is long enough in the z -direction to allow an antiplane shear state when loadings act in the same direction (Fig. 3) .
In this case any problem is essentially two-dimensional depending on ( , x y ). Then, the displacement field assumes the following form 
In view of the above, and taking into account the constitutive equations in (3) and (4), the monopolar and dipolar stresses become 
is the 2D Laplace operator in Cartesian coordinates, and   , k g are defined in Section 3.1.
The pertinent boundary conditions for a traction-free half-space follow from Eqs. (7) 
Finally, employing the constitutive equations (45) and (46) 
Integral-transform analysis and the dispersion equation
In order to suppress the x -dependence in the governing equations and the boundary conditions, the Fourier transform is employed. The direct Fourier transform and its inverse are defined as follows (Davies, 2002) 
Transforming the governing equation (48) with (52) 
The general transformed solution of (54) has the following bounded at y   form
where the functions   ,   are defined in (35) and (36), respectively, and the unknown amplitudes   , B C can be determined through the enforcement of the pertinent boundary conditions. We note that the branch cuts in Figure 2 are introduced in the complex  -plane in such a manner that a bounded solution at y   is secured. Therefore, any inversion according to (53) 
Numerical results and discussion
In order now to present numerical results in an effective way, the following normalizations  and the normalized wavelength h  , respectively, for a material with a ratio of the microstructural lengths 2   . It is observed that torsional and SH surface waves exist for all wavenumbers (no cut-off frequencies appear). This finding is in contrast with previous works by Vardoulakis and Georgiadis (1997) , and Georgiadis et al. (2000) , where it was shown that torsional and SH waves exist only in certain ranges of frequencies. Moreover, as it is shown in Figure 4a , the phase velocity decreases with increasing wave numbers. This decrease is more pronounced as we approach the upper positive definiteness border 1   (curve 4). On the other hand, for increasing negative values of  the decrease of the phase velocity is more moderate. As the wavelength increases (compared to the material microstructure), the phase velocity tends to the classical shear wave velocity s V c  (Fig. 4b) . This is to be expected intuitively since for relatively long wavelengths the wave should not 'see' the material microstructure. On the other hand, as the wavelength decreases 0 h
velocity attains a constant value that depends on the microstructural ratios  and  . This limit value can be analytically evaluated by first noting that the dispersion relation (40) exhibits the following asymptotic behavior as d
The pertinent limit value of the phase velocity of torsional / SH surface waves is given then by the value of d V for which the coefficient of the leading order term of (57) (14), where it is apparent that for 0 h  the velocity tends to infinity as the wavenumber increases.
Another issue, which merits discussion, pertains to the form of the dispersion curves. In particular, we observe from Figure 4a wavenumbers and, thus, the dispersion is normal, a result in agreement with observations in crystal lattice theories (e.g. Gazis et al., 1960) . The difference between the phase velocity and the group velocity becomes more significant for wavenumbers in the range 2 6 h    and as 1   .
For large wavenumbers (high frequencies), the group velocity, in accordance with the behavior of the phase velocity (see Fig. 4 ), attains a constant value that depends on the material microstructure. wavenumbers and, thus, the dispersion is again normal. For large wavenumbers (high frequencies), the group velocity, in accordance with the behavior of the phase velocity (see Figs. 6a and 6b), attains a constant value that depends on the microstructural parameters. (Fig. 9b ). This finding is agreement with experimental results in granular type materials such as ceramics, sand, concrete, foams, glassy polymers and bones (see e.g. Chen and Lakes, 1989; Giovine and Oliveri, 1995; Stavropoulou et al., 2003; Salupere et al., 2005) Moreover, this behavior reminds analogous results for Stoneley interface waves in a half-space with a superficial layer (Achenbach and Epstein, 1967) , and surface waves in liquids that possess surface tension (Coulson, 1958) . However, as  increases tending to unity (curves 3 and 4), the dispersion becomes normal again apart from a small initial range of wavenumbers (Fig.   9b) .
Finally, Figure 10   the dispersion is always normal for all wavenumbers. It is worth noting that the same qualitative behavior of the dispersion curves was observed in surface elastic waves and bulk mode vibrations of cubic crystal lattices (Gazis et al., 1960) . On the other hand, as  decreases ( 0 h  ), the contribution of the micro-inertia is small and an anomalous dispersion behavior prevails. An analogous situation is encountered in many auxetic structures and acoustic metamaterials (see e.g. Chen and Lakes, 1989; Fang et al., 2006)   , and various ratios  .
Concluding remarks
The present study showed that the existence of torsional and SH surface waves in a homogeneous and isotropic elastic half-space is possible within the framework of the complete Toupin-Mindlin gradient elasticity theory. The complete theory involves five constants (microstructural parameters) in addition to the standard two Lame moduli. This existence of surface waves is in marked contrast with the well-known result of the classical theory of linear elasticity that torsional / SH surface waves do not exist in a homogeneous half-space. Moreover, our results show that the inclusion of surface energy terms (i.e. gradient anisotropy) used in the past in analogous gradient-type formulations is not necessary for the prediction of torsional and SH waves (Vardoulakis et al., 1997; Georgiadis et al., 2000) . In particular, it was shown that torsional and SH waves can propagate in a homogeneous and isotropic gradient elastic half-space at all frequencies (i.e. no cut-off frequencies appear) and that both waves are governed by the same dispersion equation. In the case where the wavelengths are comparable to the grain size of the material, the dispersion characteristics depend strongly upon the microstructural parameters. In fact, depending on the contribution of the micro-inertia term a normal or an anomalous dispersion behavior may be observed.
Appendix A
For an isotropic gradient material, the positive definiteness of the strain-energy density imposes certain constraints both on the classical and the gradient (microstructural) elastic moduli.
Employing a Voigt-type representation, we can rewrite the strain energy density in Eq. (2) as
where C is the classical elasticity fourth-order tensor represented here as a 6 6  matrix with two independent components   ,   in the isotropic case, and Β is the gradient elasticity fourth-order tensor represented here as an 18 18  symmetric matrix with five independent components   1  2  3  4  5 , , , , a a a a a in the isotropic case. The matrix Β can be written in the following blockdiagonal form 
The submatrices 1 0 and 2 0 denote 5 5  and 3 3  zero matrices, respectively. In addition, in Eq.
(A1),  is a 18 1  vector with components in the following order  122 133 212 331 111 211 233 112 332 222 311   ,  ,  , 
The determinant of the matrix Β can be represented in the form of a product of four determinants 
Multiplying (A8) 1 by the factor 2 and adding it to (A7) 2 , we obtain also that 
It is worth noting that the inequalities (A7), (A11) and (A13) are equivalent to the ones obtained by Mindlin and Eshel (1968) , and Eshel and Rosenfeld (1970) in the Form III of Mindlin's gradient elasticity theory (Mindlin, 1964) . 
with 3 3 2 a a   .
